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Abstract

We compute a sunspot equilibrium in an estimated small-scale New Keynesian

model with a zero lower bound (ZLB) constraint on nominal interest rates and a full

set of stochastic fundamental shocks. In this equilibrium a sunspot shock can move

the economy from a regime in which inflation is close to the central bank’s target to

a regime in which the central bank misses its target, inflation rates are negative, and

interest rates are close to zero with high probability. A nonlinear filter is used to

examine whether the U.S. in the aftermath of the Great Recession and Japan in the

late 1990s transitioned to a deflation regime. The results are somewhat sensitive to the

model specification, but on balance, the answer is affirmative for Japan and negative

for the U.S.
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1 Introduction

Japan has experienced near-zero interest rates and a deflation of about -1% since the late

1990s. In the U.S. the federal funds rate dropped below 20 basis points in December 2008

and has stayed near zero in the aftermath of the Great Recession through the end of 2015.

Investors’ access to money, which yields a zero nominal return, prevents interest rates from

falling below zero and thereby creates a zero lower bound (ZLB) for nominal interest rates.

The recent experiences of the U.S. and Japan have raised concern among policy makers

about a long-lasting switch to a regime in which interest rates are zero, inflation is low, and

conventional macroeconomic policies are less effective.1 For instance, in the aftermath of the

Great recession the president of the Federal Reserve Bank of St. Louis, James Bullard wrote:

“During this recovery, the U.S. economy is susceptible to negative shocks that may dampen

inflation expectations. This could push the economy into an unintended, low nominal interest

rate steady state. Escape from such an outcome is problematic. [...] The United States is

closer to a Japanese-style outcome today than at any time in recent history.” (Bullard

(2010))

The key contribution of this paper is to provide the first formal econometric analysis of

the likelihood that the U.S. and Japan have transitioned to a long-lasting zero interest rate

and low inflation regime. Starting point is a standard small-scale New Keynesian dynamic

stochastic general equilibrium (DSGE) model. We explicitly impose the ZLB constraint on

the interest rate feedback rule. We assume that in normal times monetary policy is active

in the sense that the central bank changes interest rates more than one-for-one in response

to deviations of inflation from the target. Moreover, fiscal policy is assumed to be passive in

the sense that the fiscal authority uses lump-sum taxes to balance the government budget

constraint in every period. It is well known, that in such an environment there are two

steady states. In the targeted-inflation steady state, inflation equals the value targeted by

the central bank and nominal interest rates are strictly positive. In the second steady state,

1Ueda (2012) provides a very thorough review of the policies used in the U.S. and Japan and he concludes
that “the Japanese economy seems to be trapped in an ‘equilibrium’ whereby only exogenous forces generate
movements to a better equilibrium with a higher rate of inflation.”
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the deflation steady state, nominal interest rates are zero and inflation rates are negative.2

To assess the likelihood of a transition to a deflation regime, we construct a stochastic

equilibrium, in which agents react to fundamental shocks (e.g., technology shocks, demand

shocks, monetary policy shocks) as well as to a Markov-switching sunspot shock that can

move the economy between a targeted inflation regime and a deflation regime. This equi-

librium offers two potential explanations for the recent experience in the U.S. and Japan:

the economies may have been pushed to the ZLB either by a sequence of adverse funda-

mental shocks in the targeted-inflation regime or by a switch to the deflation regime. The

type of explanation has important implications, not just for the central bank’s ability to

stimulate the economy using conventional interest rate policies, but also for the effective-

ness of fiscal policy, as documented in Mertens and Ravn (2014). Aggregating results from

different model specifications, we find that Japan shifted from the targeted-inflation regime

into the deflation regime in 1999 and remained there until the end of our sample. The U.S.,

in contrast, remained in the targeted-inflation regime throughout its ZLB episode, with the

possible exception of the first part of 2009, where the evidence is more mixed.

We use a first-order perturbation approximation of the targeted-inflation regime to es-

timate the model parameters based on U.S. and Japanese data on output, consumption-

output ratio, inflation, and interest rates. Our estimation sample is chosen such that the

observations pre-date the episodes of zero nominal interest rates and are consistent with

the targeted-inflation regime. We estimate four model specifications that differ in terms of

observables and interest rate feedback rule. Once the parameter estimates are obtained, we

work directly with the nonlinear sunspot equilibrium. At a technical level, our paper is the

first paper to use global projection methods to compute a sunspot equilibrium for a DSGE

model with a full set of stochastic shocks that can be used to track macroeconomic time

series.

Identifying the regime (targeted-inflation versus deflation) is not as easy as computing

2The second steady state is often called undesirable. However, in the context of a standard New Keynesian
DSGE model with an explicit money demand motive the steady state is not necessarily bad in terms of
welfare. While negative inflation rates in conjunction with a cost of adjusting nominal prices lead to an
output loss, the zero interest rate implies that the welfare losses arising from the opportunity costs of
holding real money balances are eliminated. We leave a careful normative analysis to future work.
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average inflation and interest rates and comparing them to the corresponding steady state

values. Thus, for each model specification we use a nonlinear filter to extract the sequence of

shocks that can explain the data. Most importantly, we obtain estimates of the probability

that the economies were in either the targeted-inflation or the deflation regime. Due to the

sequential nature of our filter conditional on parameter estimates, the results of the filter

provide a quasi-real-time assessment of the state of the economy. We find that for each

country three out of the four specifications agree, but there is considerable uncertainty to

reach a definitive conclusion. Finally, we aggregate the results based on quasi posterior

model probabilities that we obtain using predictive likelihoods for the set of observables that

is common across specifications.

Our paper is related to three strands of the literature: sunspots and multiplicity of

equilibria in New Keynesian DSGE models; global projection methods for the solution of

DSGE models; and the use of particle filters to extract hidden states in nonlinear state-space

models.

The relevance of sunspots in economic models was first discussed in Cass and Shell (1983),

who define sunspots as “extrinsic uncertainty, that is, random phenomena that do not af-

fect tastes, endowments, or production possibilities.” Sunspot shocks can affect economic

outcomes in environments in which there does not exist a unique equilibrium. A review

of the sunspot literature in macroeconomics is provided by Benhabib and Farmer (1999).

Subsequently, there has been extensive research on multiplicity of equilibria in New Keyne-

sian DSGE models generated by so-called passive monetary policy rules that do not respond

strongly enough to inflation deviations from target. Such policy rules are associated with

undetermined local fluctuations in the neighborhood of the targeted-inflation steady state.

An econometric analysis of this type of multiplicity is provided by Lubik and Schorfheide

(2004).

If monetary policy is active instead of passive then the local dynamics near the targeted-

inflation steady state are unique (subject to the caveats emphasized in Cochrane (2011)), but

a second steady state arises from the kink in the monetary policy rule induced by the ZLB.

In this second steady state nominal interest rates are zero and inflation rates are negative.
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Because in the neighborhood of this second steady state the central bank is unable to lower

interest rates in response to a drop in inflation, the local dynamics are indeterminate. Hirose

(2014) estimates a linearized New Keynesian DSGE model by imposing that the economy

is permanently at the ZLB and parameterizing the multiplicity of solutions as in Lubik and

Schorfheide (2004).

Benhabib et al. (2001a,b) were the first to construct equilibria in which the economy

transitions from the targeted-inflation steady state toward the deflation steady state. Re-

cently, Armenter (2014) generalizes their results to a model in which monetary policy is not

represented by a Taylor rule, but it is optimally chosen to maximize social welfare.

It should be clear from the above discussion that the model considered in our analysis

has many equilibria. This opens the door for two research strategies: (i) characterize as

many equilibria as possible and then examine which of these equilibria is consistent with the

data. (ii) Choose one particular equilibrium and condition the empirical analysis on that

equilibrium. The papers by Lubik and Schorfheide (2004) (studying inflation and interest

rate dynamics pre and post Volcker disinflation) and Cochrane (2015) (studying inflation

and interest rate dynamics during a ZLB episode and a subsequent exit from the ZLB)

consider linearized DSGE models and are examples of the first approach. Our paper pursues

the second avenue: we consider a particular equilibrium within which we can address the

question whether an economy has transitioned into a long-lasting deflation regime. While

there are other equilibria that allow for similar transitions, yet might exhibit different regime-

conditional dynamics, at present it is computationally not feasible to enumerate. Thus, we

focus our empirical analysis on an interesting equilibrium for which we do have a solution.

Conditional on being in the targeted-inflation regime, the dynamics are very similar to the

dynamics that arise in the targeted-inflation equilibrium, that is studied in, for instance,

Maliar and Maliar (2015), Fernández-Villaverde et al. (2015), and Gust et al. (2012).

A sunspot equilibrium similar to ours has been recently analyzed by Mertens and Ravn

(2014), but in a model with a much more restrictive exogenous shock structure. Related,

Schmitt-Grohé and Uribe (2015) study an equilibrium in which confidence shocks, which

resemble a change in regimes in our model, combined with downward nominal wage rigidity
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can deliver jobless recoveries near the ZLB in a mostly analytical analysis. More recently,

Piazza (2015) shows that different monetary policy rules may change the path from the

targeted-inflation steady state to the deflation steady state and demonstrates in a calibrated

model that a combination of a perfect-foresight sunspot shock and a shock to the growth

rate of the economy can generate dynamics similar to the Japanese experience. Our paper

is the first to compute a sunspot equilibrium in a New Keynesian DSGE model that is rich

enough to track macroeconomic time series and to use a filter to extract the evolution of the

hidden sunspot shock.

In terms of solution method, our work is most closely related to the papers by Judd

et al. (2010), Maliar and Maliar (2015), Fernández-Villaverde et al. (2015), and Gust et al.

(2012).3 All of these papers use global projection methods to approximate agents’ decision

rules in a New Keynesian DSGE model with a ZLB constraint. However, these papers solely

consider an equilibrium in which the economy is always in the targeted-inflation regime –

what we could call a targeted-inflation equilibrium – and some important details of the

implementation of the solution algorithm are different.

To improve the accuracy of the model solution, we introduce two novel features. First,

we use a piece-wise smooth approximation with two separate functions characterizing the

decisions when the ZLB is binding and when it is not. This means all our decision rules

allow for kinks at points in the state space where the ZLB becomes binding. Second, when

constructing a grid of points in the model’s state space for which the equilibrium conditions

are explicitly evaluated by the projection approach, we combine draws from the ergodic

distribution of the DSGE model with values of the state variables obtained by applying our

filtering procedure. This modification of the ergodic-set method proposed by Judd et al.

(2010) ensures that the model solution is accurate in a region of the state space that is

unlikely ex ante under the ergodic distribution of the model, but very important ex post to

3Most of the other papers that study DSGE models with a ZLB constraint take various shortcuts to
solve the model. In particular, following Eggertsson and Woodford (2003), many authors assume that an
exogenous Markov-switching process pushes the economy to the ZLB. The subsequent exit from the ZLB
is exogenous and occurs with a prespecified probability. The absence of other shocks makes it impossible
to use the model to track actual data. Unfortunately, model properties tend to be very sensitive to the
approximation technique and to implicit or explicit assumptions about the probability of leaving the ZLB,
see Braun et al. (2012) and Fernández-Villaverde et al. (2015).
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explain the observed data.

With respect to the empirical analysis, the only other papers that combine a projection

solution with a nonlinear filter to track U.S. data throughout the Great Recession period

are Gust et al. (2012) and Cuba-Borda (2014). Both papers restrict their attention to

the targeted-inflation equilibrium. The first focuses on parameter estimation using post-

2008 data in a New Keynesian model like ours and examine the extent to which the ZLB

constrained the ability of monetary policy to stabilize the economy. The latter extracts

fundamental shocks to account for the decline in economic activity during the U.S. Great

Recession in a medium-scale model with investment. Our paper is the first to fit a nonlinear

DSGE model with an explicit ZLB constraint to Japanese data.

The remainder of the paper is organized as follows. Section 2 presents a simple two-

equation model that we use to illustrate the multiplicity of equilibria in monetary models with

ZLB constraints. We also highlight the particular equilibrium studied in this paper. The New

Keynesian model that is used for the quantitative analysis is presented in Section 3, and the

solution of the model is discussed in Section 4. Section 5 describes the parameter estimates

for the different model specifications in this paper and illustrates the dynamic properties

of one of the estimated model specifications. Section 6 presents our main results regarding

the identification of the sunspot regime in each country. Section 7 concludes. Detailed

derivations, descriptions of algorithms, and additional quantitative results are summarized

in an Online Appendix.

2 A Two-Equation Example

We begin with a simple two-equation example to characterize the sunspot equilibrium that

we will study in the remainder of this paper in the context of a New Keynesian DSGE model

with an interest-rate feedback rule and the ZLB constraint. Suppose that the economy can

be described by a consumption Euler equation of the form

1 = Et
[
Mt+1

Rt

πt+1

]
(1)
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and the monetary policy rule

Rt = max

{
1, rπ∗

(
πt
π∗

)ψ}
, ψ > 1. (2)

In the fully-specified DSGE model introduced in Section 3 below, the stochastic discount

factor Mt+1 that appears in (1) is given by

Mt+1 = β
dt+1

dt

(
Ct+1

Ct

)−τ
,

where Ct is consumption, dt is a discount factor shock, and 1/τ is the intertemporal elasticity

of substitution. We define

rt = 1/Mt, (3)

where rt can be interpreted as the real rate of return for a one-period asset. To keep the

example simple, we assume that rt exogenous and follows a stationary AR(1) process

log
(rt+1

r

)
= ρ log

(rt
r

)
+ σεt+1, εt+1 ∼ iidN(0, 1) and ρ ∈ (0, 1). (4)

The parameter r corresponds to the steady state (σ = 0) of the real interest rate. We assume

that the gross nominal interest rate is bounded from below by one, which is captured by

the max operator in (2). Throughout the paper we refer to this bound as the ZLB because

the net interest rate cannot fall below zero. The parameter π∗ in the monetary policy rule

represents the central bank’s target inflation.

Loglinearizing around πt = π∗, rt = r and Rt = rπ∗ and using hats to denote percentage

deviations from this point, yields the system

R̂t = Et [r̂t+1 + π̂t+1] (5)

R̂t = max {− log (rπ∗) , ψπ̂t} (6)

r̂t+1 = ρr̂t + σεt+1 (7)

(5) is a version of the Fisher equation, which relates the nominal interest rate to the expected
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real interest rate and inflation. A similar system of equations arises from the log-linearized

equilibrium conditions of many monetary DSGE models. Combining (5) and (6) and using

Et[r̂t+1] = ρr̂t yields the following expectational difference equation for inflation

Et [π̂t+1] = max
{
− log (rπ∗)− ρr̂t, ψπ̂t − ρr̂t

}
. (8)

Just as the original system comprising (1) and (2), the linearized difference equation (8)

has two steady states. In the targeted-inflation steady state inflation equals π∗, and the

nominal interest rate is R∗ = rπ∗, so that π̂ = R̂ = 0. In the deflation steady state,

π̂ = R̂ = − log (rπ∗) and thus inflation equals 1/r, and the nominal interest rate is at the

ZLB.

The presence of two steady states suggests that the rational expectations difference equa-

tion (8) also has multiple stochastic solutions. We find solutions to this equation using a

guess-and-verify approach (see Online Appendix for details). Suppose that we conjecture

π̂t = θ0 + θ1r̂t. (9)

It can be verified that a solution that fluctuates around the targeted-inflation steady state

(henceforth targeted-inflation equilibrium) is given by4

θ∗0 = 0, θ∗1 =
ρ

ψ − ρ
> 0. (10)

Because around the targeted-inflation steady state nominal interest rates respond to inflation

more than one-for-one, the local dynamics are unique.

We can also obtain a solution that fluctuates around the deflation steady state (henceforth

deflation equilibrium):

θD0 = − log(rπ∗), θD1 = −1. (11)

Because around the deflation steady state nominal interest rates do not respond to infla-

tion, the local dynamics are indeterminate and one could construct other solutions (see,

4It is assumed that the exogenous movements in r̂t are sufficiently small such that (ψθ1 ∗ −ρ)r̂t ≥
− log(rπ∗) for all t.
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Figure 1: Inflation Dynamics in the Two-Equation Model
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Notes: The figure shows annualized net inflation rate, 400 log πt. In the left panel, the blue line shows
the targeted-inflation equilibrium, and the red line shows the deflation equilibrium. In the right panel, the
shaded area corresponds to periods in which the system is in the deflation regime, st = 0.

for instance, Lubik and Schorfheide (2004) as well as the Online Appendix) that may in-

volve a sunspot shock ζt with the property that Et−1[ζt] = 0 or the dependence of inflation

on r̂t−1. However, we will restrict our attention to (11). Note that (10) and (11) have

drastically different dynamics: inflation and real interest rates have a positive correlation

in the targeted-inflation equilibrium, while this correlation switches signs in the deflation

equilibrium.

In the remainder of the paper we will focus on an equilibrium in which a two-state

Markov-switching sunspot shock st ∈ {0, 1} triggers transitions from a targeted-inflation

regime to a deflation regime and vice versa:

π̂
(s)
t = θ0(st) + θ1(st)r̂t. (12)

where θ0(st) and θ1(st) denote the regime-specific intercept and slope of the linear decision

rule. Throughout this paper, we assume that the sunspot process st evolves independently
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Table 1: Decision Rule Coefficients

Targeted-Inflation Equilibrium θ∗0 = 0 θ∗1 = 1.5

Deflation Equilibrium θD0 = −0.01 θD1 = −1

Sunspot Equilibrium θ0(1) = −0.0002 θ1(1) = 1.4611
θ0(0) = −0.0105 θ1(0) = −1.1295

from the fundamental shocks.5 If the regimes are persistent, then the intercepts and slopes

are similar in magnitude (but not identical) to the coefficients in (10) and (11), respectively.

The precise values depend on the transition probabilities of the Markov switching process

and ensure that (8) holds in every period t.

A numerical illustration is provided in Figure 1. We set π∗ = 1.005, ψ = 1.5, r = 1.005,

σ = 0.0007, ρ = 0.9, p11 = 0.99 and p00 = 0.95. The implied decision rule coefficients are

summarized in Table 1. The left panel of Figure 1 compares the paths of annualized net infla-

tion (400 log πt) under the targeted-inflation equilibrium (10) and the deflation equilibrium

(11). The inflation paths are shifted by the difference between 400 log π∗ and 400 log(1/r),

which is 4%, and display perfect negative correlation. The right panel shows the sunspot

equilibrium with visible shifts from the targeted-inflation regime to the deflation regime

(shaded areas) and back.

We close this section with the following remarks: (i) The linearized two-equation model

has many stochastic equilibria. (ii) We will focus on a particular sunspot equilibrium that

is interesting for our empirical analysis because it can capture long lasting transitions into

and out of a regime in which interest rates are zero and inflation rates are low. (iii) Our

empirical analysis will be based on a small-scale DSGE model rather than the two-equation

model presented in this section. (iv) We will not log-linearize the equilibrium conditions

of the DSGE model, instead we will work with the nonlinear equilibrium conditions. (v)

Unlike in the simple two-equation example we will not assume that interest rates are always

strictly greater than zero in the targeted-inflation regime and always equal to zero in the

5For toy models we were able to construct equilibria in which the Markov transition is triggered by εt.
But we were unable to numerically construct such solutions for the DSGE model presented in Section 3.
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deflation regime. Instead, our nonlinear decision rules imply that interest rates could be zero

in the targeted-inflation regime and they could be strictly positive in the deflation regime.

Likewise, in both regimes it is possible to observe both positive and negative inflation rates.

3 A Prototypical New Keynesian DSGE Model

Our quantitative analysis will be based on a small-scale New Keynesian DSGE model. Vari-

ants of this model have been widely studied in the literature and its properties are discussed in

detail in Woodford (2003). The model economy consists of perfectly competitive final-goods-

producing firms, a continuum of monopolistically competitive intermediate goods producers,

a continuum of identical households, and a government that engages in monetary and fiscal

policy. To keep the dimension of the state space manageable, we abstract from capital ac-

cumulation and wage rigidities. We describe the preferences and technologies of the agents

in Section 3.1, and summarize the equilibrium conditions in Section 3.2.

3.1 Preferences and Technologies

Households. Households derive utility from consumption Ct relative to an exogenous habit

stock and disutility from hours worked Ht. We assume that the habit stock is given by the

level of technology At, which ensures that the economy evolves along a balanced growth path.

We also assume that the households value transaction services from real money balances,

detrended by At, and include them in the utility function. The households maximize

Et

[
∞∑
s=0

βsdt+s

(
(Ct+s/At+s)

1−τ − 1

1− τ
− χH

H
1+1/η
t+s

1 + 1/η
+ χMV

(
Mt+s

Pt+sAt+s

))]
, (13)

subject to the budget constraint

PtCt + Tt +Mt +Bt = PtWtHt +Mt−1 +Rt−1Bt−1 + PtDt + PtSCt.
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Here β is the discount factor, dt is a shock to the discount factor, 1/τ is the intertemporal

elasticity of substitution, η is the Frisch labor supply elasticity, and Pt is the price of the final

good. The shock dt captures frictions that affect intertemporal preferences in a reduced-form

way. Fluctuations in dt affect households patience and their desire to postpone consumption.

As we demonstrate below, and as is commonly exploited in the literature, a sufficiently large

shock to dt makes the central bank cut interest rates all the way to the ZLB. The households

supply labor services to the firms in a perfectly competitive labor market, taking the real

wage Wt as given. At the end of period t, households hold money in the amount of Mt. They

have access to a bond market where nominal government bonds Bt that pay gross interest Rt

are traded. Furthermore, the households receive profits Dt from the firms and pay lump-sum

taxes Tt. SCt is the net cash inflow from trading a full set of state-contingent securities.

Detrended real money balances Mt/(PtAt) enter the utility function in an additively

separable fashion. An empirical justification of this assumption is provided by Ireland (2004).

As a consequence, the equilibrium has a block diagonal structure under the interest-rate

feedback rule that we will specify below: the level of output, inflation, and interest rates

can be determined independently of the money stock. We assume that the marginal utility

V ′(m) is decreasing in real money balances m and reaches zero for m = m̄, which is the

amount of money held in steady state by households if the net nominal interest rate is zero.

Since the return on holding money is zero, it provides the rationale for the ZLB on nominal

rates. More specifically since households can hold as well as issue debt at the market rate

Rt, their problem does not have a solution when Rt < 1. The ZLB ensures the existence of

a monetary equilibrium.

Firms. The final-goods producers aggregate intermediate goods, indexed by j ∈ [0, 1], using

the technology:

Yt =

(∫ 1

0

Yt(j)
1−νdj

) 1
1−ν

.

The firms take input prices Pt(j) and output prices Pt as given. Profit maximization implies

that the demand for inputs is given by

Yt(j) =

(
Pt(j)

Pt

)−1/ν
Yt.
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Under the assumption of free entry into the final-goods market, profits are zero in equilibrium,

and the price of the aggregate good is given by

Pt =

(∫ 1

0

Pt(j)
ν−1
ν dj

) ν
ν−1

. (14)

We define inflation as πt = Pt/Pt−1.

Intermediate good j is produced by a monopolist who has access to the following pro-

duction technology:

Yt(j) = AtHt(j), (15)

where At is an exogenous productivity process that is common to all firms and Ht(j) is the

firm-specific labor input. Intermediate-goods-producing firms face quadratic price adjust-

ment costs of the form

ACt(j) =
φ

2

(
Pt(j)

Pt−1(j)
− π̄

)2

Yt(j),

where φ governs the price stickiness in the economy and π̄ is a baseline rate of price change

that does not require the payment of any adjustment costs. In our quantitative analysis,

we set π̄ = π∗, where π∗ is the target inflation rate of the central bank, which in turn is

the steady state inflation rate in the targeted-inflation equilibrium. Firm j chooses its labor

input Ht(j) and the price Pt(j) to maximize the present value of future profits

Et

[
∞∑
s=0

βsQt+s|t

(
Pt+s(j)

Pt+s
Yt+s(j)−Wt+sHt+s(j)− ACt+s(j)

)]
. (16)

Here, Qt+s|t is the time t value to the household of a unit of the consumption good in period

t+ s, which is treated as exogenous by the firm.

Government Policies. Monetary policy is described by an interest rate feedback rule.

Because the ZLB constraint is an important part of our analysis we introduce it explicitly

as follows:

Rt = max {1, R∗t eεR,t} . (17)

Here R∗t is the systematic part of monetary policy which reacts to the current state of the
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economy and εR,t is a monetary policy shock. We consider two specifications for R∗t , which

we refer to as growth and gap specifications. The growth specification takes the form

Growth : R∗t =

[
rπ∗

(
πt
π∗

)ψ1
(

Yt
γYt−1

)ψ2
]1−ρR

RρR
t−1. (18)

Here r is the steady-state real interest rate and π∗ is the target-inflation rate. Provided that

the ZLB is not binding, the central bank reacts to deviations of inflation from the target

rate π∗ and deviations of output growth from its long-run value γ.

Under the gap specification, the central bank reacts to a measure of the output gap in

addition to inflation deviations from target:

Gap : R∗t =

[
rπ∗

(
πt
π∗

)ψ1
(
Yt
Y ∗t

)ψ2
]1−ρR

RρR
t−1, (19)

where Y ∗t is the target level of output. In theoretical studies the targeted level of output

often corresponds to the level of output in the absence of nominal rigidities and mark-up

shocks, because from an optimal policy perspective, this is the level of output around which

the central bank should stabilize fluctuations. However, historically, at least in the U.S.,

the central bank has tried to keep output close to the official measure of potential output,

which is well approximated by a slow-moving trend. Thus we use exponential smoothing to

construct Y ∗t directly from historical output data. It is given by

log Y ∗t = α log Y ∗t−1 + (1− α) log Yt + α log γ. (20)

where α is a parameter we calibrate such that log Y ∗t tracks an official measure of potential

output.

We use two alternative policy rules in an attempt to capture the dynamics of R∗t , which

is in principle latent when the economy is at the ZLB. For instance, the U.S. experienced

a large negative rate of output growth in 2008:Q4. Under the growth rule, this creates a

large drop in R∗t , but the drop is short-lived because output growth subsequently recovers.

Under the gap rule, the reduction in R∗t is more persistent, because the level of output stays
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below its historical average for a long period of time. Our analysis is sensitive to the desired

interest rate, because R∗t determines how constrained the central bank is by the ZLB and

how likely it is that it will leave the ZLB in the subsequent quarters.

The government consumes a stochastic fraction of aggregate output. We assume that

government spending evolves according to

Gt =

(
1− 1

gt

)
Yt. (21)

The government levies a lump-sum tax Tt (or provides a subsidy if Tt is negative) to finance

any shortfalls in government revenues (or to rebate any surplus). Its budget constraint is

given by

PtGt +Mt−1 +Rt−1Bt−1 = Tt +Mt +Bt. (22)

Exogenous shocks. The model economy is perturbed by four (fundamental) exogenous

processes. Aggregate productivity evolves according to

logAt = log γ + logAt−1 + log zt, where log zt = ρz log zt−1 + σzεz,t. (23)

Thus, on average, the economy grows at the rate γ, and zt generates exogenous stationary

fluctuations of the technology growth rate around this long-run trend. We assume that the

government spending shock follows the AR(1) law of motion

log gt = (1− ρg) log g∗ + ρg log gt−1 + σgεg,t. (24)

While we formally introduce the exogenous process gt as a government spending shock, we

interpret it more broadly as an exogenous demand shock that contributes to fluctuations in

output. (21), (23) and (24) imply that log output and government spending are cointegrated

and that the log government spending-output ratio is stationary. The shock to the discount

factor evolves according to

log dt = ρd log dt−1 + σdεd,t (25)

The monetary policy shock εR,t is assumed to be serially uncorrelated. We stack the four
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innovations into the vector εt = [εz,t, εg,t, εd,t, εr,t]
′ and assume that εt ∼ iidN(0, I).

In addition to the fundamental shock processes, agents in the model economy observe an

exogenous sunspot shock st, which follows a two-state Markov-switching process

P{st = 1} =

 (1− p00) if st−1 = 0

p11 if st−1 = 1
. (26)

3.2 Equilibrium Conditions

Because the exogenous productivity process has a stochastic trend, it is convenient to char-

acterize the equilibrium conditions of the model economy in terms of detrended consumption

ct ≡ Ct/At and detrended output yt ≡ Yt/At. We write the consumption Euler equation

(sometimes called the IS equation) as

c−τt = βRtEt, (27)

where

Et = Et
[
dt+1

dt

c−τt+1

γzt+1πt+1

]
. (28)

The solution algorithm approximates the conditional expectation Et using a Chebychev poly-

nomial in terms of the state variables. In a symmetric equilibrium, in which all firms set the

same price Pt(j), the price-setting decision of the firms leads to the condition

φβEt
[
dt+1

dt
c−τt+1yt+1(πt+1 − π̄)πt+1

]
(29)

= c−τt yt

{
1

ν

(
1− χhcτt y

1/η
t

)
+ φ(πt − π̄)

[(
1− 1

2ν

)
πt +

π̄

2ν

]
− 1

}
.

A log-linearization of (29) leads to the standard New Keynesian Phillips curve.

We show in the Online Appendix that the aggregate resource constraint can be expressed

as

ct =

[
1

gt
− φ

2
(πt − π̄)2

]
yt. (30)
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It reflects both government spending as well as the resource cost (in terms of output) caused

by price changes. Finally, we reproduce the monetary policy rule

Growth: Rt = max

1,

[
rπ∗

(
πt
π∗

)ψ1
(

yt
yt−1

zt

)ψ2
]1−ρR

RρR
t−1e

σRεR,t

 ,

Gap: Rt = max

1,

[
rπ∗

(
πt
π∗

)ψ1
(

yt
y∗t−1

zt

)αψ2
]1−ρR

RρR
t−1e

σRεR,t

 .

(31)

where y∗t ≡ Y ∗t /At. We do not use a measure of money in our empirical analysis and therefore

drop the equilibrium condition that determines money demand.

As the two-equation model in Section 2, the New Keynesian model with the ZLB con-

straint has two steady states, which we refer to as the targeted-inflation and the deflation

steady states. In the targeted-inflation steady state, inflation equals π∗ and the gross inter-

est rate equals rπ∗, while in the deflation steady state, inflation equals 1/r and the interest

rate is at the ZLB. Subsequently, we will focus on a stochastic sunspot equilibrium with a

targeted-inflation regime (st = 1) and a deflation regime (st = 0).

4 Solution Algorithm

We now discuss some key features of the algorithm that is used to solve the nonlinear DSGE

model presented in the previous section. Additional details can be found in the Online

Appendix. We utilize a global approximation method following Judd (1992) where the

decision rules are approximated by combinations of Chebyshev polynomials. The minimum

set of state variables associated with our DSGE model is

St = (Rt−1, yt−1, dt, gt, zt, εR,t, st) (32)

for the growth specifications and

St = (Rt−1, y
∗
t−1, dt, gt, zt, εR,t, st). (33)
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for gap specifications, and dt is only relevant in the version with the discount factor shock.

We included the regime-switching process st into the state vector because our goal is to

characterize a sunspot equilibrium. An (approximate) solution of the DSGE model is a set of

decision rules πt = π(St; Θ), Et = E(St; Θ), ct = c(St; Θ), yt = y(St; Θ), and Rt = R(St; Θ)

that solve the nonlinear rational expectations system given by (27) to (31), and the laws of

motion of the exogenous processes. Note that conditional on π(St; Θ) and E(St; Θ), Equations

(27), (30) and (31) directly determine c(St; Θ), y(St; Θ), and R(St; Θ). Thus, we only use

Chebyshev polynomials to approximate π(St; Θ) and E(St; Θ). In our notation the coefficient

vector Θ ≡ {θi}, i = 1, ..., N , parameterizes all of the decision rules and N is the total number

of coefficients.

The solution algorithm amounts to specifying a grid of points G = {S1, . . . ,SM} in the

model’s state space and determining Θ by minimizing the (unweighted) sum of squared

residuals associated with (28) and (29). Because (28) and (29) are functions of St, we are

evaluating the residuals for each St ∈ G and then sum the M squared residuals. There are

two non-standard aspects of our solution method that we will now discuss in more detail: (i)

the piecewise smooth representation of the functions π(·; Θ) and E(·; Θ) and (ii) our iterative

procedure of choosing grid points G.

Piece-wise Smooth Decision Rules. The max operator in the monetary policy rule

potentially introduces kinks in the decision rules π(St) and E(St). While Chebyshev poly-

nomials, which are smooth functions of the states, can in principle approximate functions

with a kink, such approximations are quite inaccurate for low-order polynomials. Thus, un-

like Judd et al. (2010), Fernández-Villaverde et al. (2015), and Gust et al. (2012), we use a

piece-wise smooth approximation of the functions π(St) and E(St) by postulating

π(St; Θ) =



f 1
π(St; Θ) if st = 1 and R(St) > 1

f 2
π(St; Θ) if st = 1 and R(St) = 1

f 3
π(St; Θ) if st = 0 and R(St) > 1

f 4
π(St; Θ) if st = 0 and R(St) = 1

(34)
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Figure 2: Sample Decision Rules

ĝ
-6 -4 -2 0

0

1

2

3

Interest Rate

ĝ
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Note: This figure depicts the decision rules for 3vGrowth using parameter values estimated for the U.S. as
described in Section 5.2. The x-axis corresponds to the state variable gt, in percentage deviations from its
steady state. The other state variables are fixed: st = 1, Rt−1 = 1, and yt−1, zt, and εR,t set to their means
conditional on st = 1.

and similarly for E(St,Θ), where the functions f ij(·) are linear combinations of a complete

set of Chebyshev polynomials up to fourth order.

In our experience, the flexibility of the piece-wise smooth approximation yields more

accurate decision rules, especially for inflation. Figure 2 shows a slice of the decision rules.

We vary gt over a wide range where the ZLB is both slack and binding. To generate the

figure we condition on st = 1, Rt−1 = 1 and set yt−1, zt, and εR,t to their means conditional
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on st = 1. The monetary policy rule has kink due to the ZLB, while the decision rule for

inflation has an apparent kink due to the piece-wise smooth approximation in (34). The

decision rules for output and consumption inherit the kinks in the decision rule for inflation

(and E(St)) and in the monetary policy rule. The kinks, especially the ones in the decision

rules for inflation and consumption, are very severe. For instance, if the ZLB is binding,

consumption is increasing in ĝ. If the ZLB is non-binding consumption falls as ĝ rises. As a

consequence, a smooth approximation obtained from a single Chebyshev polynomial would

do a very poor job capturing the actual decision rules.6

Choice of Grid Points. With regard to the choice of grid points, projection methods

that require the solution to be accurate on a fixed grid, e.g., a tensor product grid, become

exceedingly difficult to implement as the number of state variables increases above three.

While the Smolyak grid proposed by Krüger and Kubler (2004) can alleviate the curse of

dimensionality to some extent, we build on recent work by Judd et al. (2010), which proposed

to simulate the model to be solved, to distinguish clusters on the simulated series, and to use

the clusters’ centers as a grid for projections.7 We modify their methodology significantly by

combining simulated grid points with states obtained from the data using a nonlinear filter.

Doing so is necessary to capture the behavior of the model in low probability regions of the

state space that are important for our analysis. For example, when st = 1 (st = 0), negative

(positive) inflation is typically outside the ergodic distribution of the model.

Because the set of simulated grid points that represent the ergodic distribution and the

filtered states both depend on the solution of the model, some iteration of solution, on the

one hand, and simulation and filtering, on the other hand, is required. For a given solution

we simulate the model and get a set of points that characterize the ergodic distribution. We

then run a particle filter, details of which are provided in the Online Appendix, to obtain

6In an earlier version of the paper we indeed solved the model both ways and illustrated that the smooth
approximation leads to approximation errors that are an order of magnitude larger relative to the piece-wise
smooth approximation.

7The work by Judd, Maliar, and Maliar evolved considerably over time. We initially built on the
working paper version, Judd et al. (2010). In the published version of the paper, Maliar and Maliar (2015),
also consider ε-distinguishable (EDS) grids and locally-adaptive EDS grids. Their locally-adaptive grids
are similar in spirit to our approach, which tries to control accuracy in a region of the state space that is
important for the substantive analysis, even if it is far in the tails of the ergodic distribution.
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the grid points which are consistent with data. We repeat this until we obtain a stable grid,

which typically happens after three to five iterations.

We parameterize each f ij(·) in (34) for i = 1, ..., 4 and j = π, E with 210 parameters for

a total of 1,680 elements in Θ and use M = 880 including the grid points from the ergodic

distribution and the filtered states. For a given set of filtered states and simulated grid, the

solution takes about six minutes on a single-core Windows-based computer using MATLAB

where some computationally-intensive parts of the code are run using Fortran via mex files.

The approximation errors are in the order of 10−4 on average, expressed in consumption

units.

5 Model Estimation and Dynamics

The data sets used in the empirical analysis are described in Section 5.1. In Section 5.2, we

estimate the parameters of the DSGE model for the U.S. and Japan using data from before

the economies reached the ZLB. These parameter estimates are the starting point for the

subsequent analysis. We consider four different specifications for each country that differ in

terms of number of observable variables used and the details of the monetary policy rule.

We solve the model using the nonlinear methods outlined in the previous section and in

Section 5.3, we illustrate the dynamic properties of one of the estimated models by focusing

on the economy’s ergodic distributions and by presenting regime-specific impulse responses.

5.1 Data

The subsequent empirical analysis is based on log of real per-capita GDP, the log consumption-

output ratio, GDP deflator inflation, and interest rates for the U.S. and Japan. The U.S.

interest rate is the federal funds rate and for Japan we use the Bank of Japan’s uncollat-

eralized call rate. Consumption for the U.S. is the real personal consumption expenditures

and real private consumption for Japan, where we normalize by an appropriate population

measure to convert to per-capita terms. Further details about the data are provided in the

Online Appendix.
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The time series are plotted in Figure 3. The U.S. sample starts in 1984:Q1, after the

Great Moderation and ends in 2015:Q2. The time series for Japan range from 1981:Q1

to 2015:Q1. The vertical lines denote the end of the estimation sample for each country,

2007:Q4 for the U.S. and 1994:Q4 for Japan. For the U.S. the fourth quarter of 2007 marks

the beginning of the Great Recession, which was followed with a long-lasting spell of zero

interest rate starting in 2009. In Japan, short-term interest rates dropped below 50 basis

points in 1995:Q4 and have stayed at or near zero ever since. An important feature of the

ZLB episode for Japan is consistently negative inflation rates – average inflation for Japan

from 1999:Q1 to the end of the sample is nearly −1%.8 This is in stark contrast with the

U.S., which experienced only two quarters of mildly negative inflation (2009:Q2 and Q3) and

two quarters of inflation less than 0.5% at the very end of the sample. These features of the

data are important (though not sufficient) for the identification of the sunspot regimes.

5.2 Model Estimation

For both the U.S. and Japan we estimate four versions of the DSGE model that differ in

terms the monetary policy rules (growth vs. gap as in (31)) and the variables included in the

estimation. For both countries, the first data set (three variables, henceforth 3v) comprises

the log of output, inflation, and interest rates. The second data set (four variables, henceforth

4v) also includes the log consumption-output ratio.

For the U.S. the 3v data set is the standard data set for the estimation of small-scale

DSGE models in the literature before the Great Recession, with the minor difference that

we use the level of output instead of output growth. In this version we treat consumption

as a latent variable and switch off the discount factor shock. Thus, the model is driven by

technology growth, government spending (aggregate demand) and monetary policy shocks,

which, again, is the typical specification for these models before the Great Recession. To

estimate the DSGE model on the 4v data set, we activate the discount factor shock, which

8The three positive spikes for Japanese GDP deflator inflation in 1997:Q2, 2008:Q4 and 2014:Q2 are
unusual events that are not visible in, for instance, CPI inflation. The first and the third spike are due to
increases in the value-added tax and the second is when a large decline in oil prices leads to a decrease in
the import deflator which in turn generated a large jump in the GDP deflator. In our subsequent analysis
we treat these observations as missing observations.
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Figure 3: Data
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Note: Output is the natural logarithm of per-capita output, consumption-output ratio is also in natural
logarithm, scaled by 100, and inflation and nominal interest rate are in annualized percentage units. The
vertical red line in each figure show the end of the estimation sample.

is widely used in the ZLB literature to drive model economies to the ZLB. Using a vari-

ant of consumption as an observable is natural, because the discount rate shock influences

consumption directly.

During the estimation periods, it is clear that the data favor the targeted-inflation regime

because both inflation and the nominal interest rate are positive. Moreover, we verify that

the values of the state variables that are needed to rationalize the observations fall into

a region of the state space in which the decision rules of the nonlinear model are well

approximated by the decision rules obtained from a first-order perturbation solution of the

DSGE model that ignores the ZLB. The first-order perturbation solution can be computed

much faster and is numerically more stable than the global approximation to the sunspot

equilibrium discussed in Section 4. We use a standard random walk Metropolis-Hastings
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(RWMH) algorithm to estimate the log-linearized DSGE models over the pre-ZLB sample

periods. The implementation of the posterior sampler follows An and Schorfheide (2007)

and is described in the Online Appendix.9

We fix a subset of the parameters prior to the estimation. First, we want our model’s

average inflation conditional on being in the targeted-inflation regime to equal the average

inflation in the estimation sample in each country. The former depends not only on π∗

but also on the values for the sunspot transition parameters p11 and p00. The latter two

determine the expected durations of staying in each regime and therefore influence the long-

run inflation expectations. We loosely calibrate these three parameters to match the following

three observations: (i) average inflation conditional on st = 1 equals average inflation in the

estimation sample; (ii) long-run inflation expectations when st = 1 are only slightly lower

than average inflation; and (iii) when st transitions from one to zero, inflation expectations

fall by about 1% in Japan and about 20 basis points in the U. S. Observations (ii) and (iii)

are somewhat crude, obtained from long-run inflation expectations for Japan and the U.S.

at the start of their ZLB experiences.10 This procedure yields p00 = 0.95 and p11 = 0.99

for the U.S. and p00 = 0.92 and p11 = 0.99 for Japan. These values make the deflation

regime (st = 0) less persistent than the targeted-inflation regime (st = 1) and imply that the

unconditional probability of being in the deflation regime (st = 0) is 0.17 for the U.S. and

0.11 for Japan. Note that we identify the regime probabilities from the change in inflation

expectations instead of the relative duration of the ZLB spell, which would be very sensitive

to the start date of the estimation sample. The π∗ values we use for each specification /

country are tabulated in the Online Appendix.

We choose values for γ and β such that the steady state of the model matches the

average output growth, and interest rates over the estimation sample period. The steady

state government expenditure-to-output ratio is determined from national accounts data.

9The only somewhat nonstandard aspect of our methodology is the initialization of the Kalman filter to
handle the nonstationarity in the log level of output.

10This calibration involves fixing these three parameters, estimating the linear model to get values for
the remaining parameters, solving the full nonlinear model to calculate the long-run averages of inflation
and inflation expectations via simulations and iterating until we find a reasonable fit. The long-run inflation
expectations are computed using the Consensus Forecast in Japan and taken from Aruoba (2014) for the
U.S. (see Online Appendix).
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Because our sample does not include observations on labor market variables, we fix the Frisch

labor supply elasticity. Based on Ŕıos-Rull et al. (2012), who provide a detailed discussion

of parameter values that are appropriate for DSGE models of U.S. data, we set η = 0.72 for

the U.S. Our value for Japan is based on Kuroda and Yamamoto (2008) who use micro-level

data to estimate labor supply elasticities along the intensive and extensive margin for males

and females. The authors report a range of values which we aggregate into η = 0.85. The

parameter ν, which captures the elasticity of substitution between intermediate goods, is set

to 0.1. It is not separately identifiable from the price adjustment cost parameter φ. Finally,

we calibrate the smoothing parameter α for trend output in (20) to make the implied trend

output close to a measure from the data. For the U.S. we use the output gap measure

produced by the Congressional Budget Office, and for Japan we use the potential growth

rate from the Bank of Japan to construct an output gap measure.

For each country we estimate four DSGE model specifications: 3vGrowth, 4vGrowth,

3vGap, and 4vGap. The marginal prior distributions for τ , κ, ψ1, ψ2 and the parameters of

the exogenous shock processes are tabulated in the Online Appendix. For the inverse IES

τ we use Gamma distributions with mean 2 and standard deviations of 0.25 (U.S.) and 0.5

(Japan). We re-parametrize the price adjustment cost parameter φ in terms of the implied

slope of the linearized New Keynesian Phillips curve: κ = τ(1− ν)/(νπ2
∗φ). Our prior for κ

has a mean of 0.3 and a standard deviation of 0.1, encompassing fairly flat and fairly steep

Phillips curves. Our benchmark priors for the policy rule coefficients ψ1 and ψ2 are centered

at 1.5 and 0.5, respectively, with standard deviations of 0.3 and 0.25, respectively. For the 3-

variable specifications, the likelihood function was fairly uninformative about the policy rule

coefficients.11 Thus, we replaced the benchmark prior distributions for ψ1 and ψ2 with tighter

prior distributions. For the 3vGap specifications the modified priors are centered at the

parameter values obtained from the estimation of the corresponding 4-variable specification.

We truncate the prior distribution at the boundary of the determinacy region associated

with the linearized version of the DSGE model. Thus, we are essentially imposing the

existence of a second steady state (which requires that ψ1 > 1) when we are estimating

11This problem is well recognized in the literature; see, for instance, Cochrane (2011) for a theoretical
appraisal and Mavroeidis (2010) for identification-robust inference in single-equation estimation settings.
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the model. In view of the empirical results in Lubik and Schorfheide (2004) who estimate

a similar model without imposing determinacy on post-1982 data and find no evidence in

favor of ψ1 < 1, the ψ1 > 1 restriction strikes us as reasonable.

The resulting posterior estimates reported in Table 2 are in line with the estimates

reported elsewhere in the literature. Most notable are the implicit estimates of the slope

of the New Keynesian Phillips curve, which are around 0.3 for the U.S. and 0.5 for Japan,

implying fairly flexible prices and relatively small real effects of unanticipated interest rate

changes.12 The posterior distributions for most of the estimated parameters move somewhat

significantly away from their priors, or at least they get much tighter. A notable exception

is the elasticity of intertemporal substitution parameter τ for the U.S., which remains near

the prior mean of 2.

5.3 Equilibrium Dynamics

In this section we discuss the dynamics of the estimated specifications. Since we have a total

of eight estimated specifications, we focus on the 4vGrowth specification for the U.S. All

models behave qualitatively similarly, though sometimes there are quantitative differences,

which we point out when relevant. We start with an illustration of the ergodic distribution

by simulating a long sequence of observations. Given our choices of p00 and p11 for the U.S.,

approximately 17% of the observations are associated with the deflation regime, whereas the

remaining 83% are associated with the targeted-inflation regime. Figure 4 depicts contour

plots for the joint probability density function of inflation and interest rates conditional on

the regimes st = 0 and st = 1, respectively. Formally, we show p(Rt, πt|st = j) for j = 0, 1,

which means that the two sets of contours are not weighted by the unconditional probabilities

P{st = j}. In the contour plots each line represents one percentile with the outermost line

showing the 99th percentile. Under the deflation regime there is a high probability that the

interest rate is equal to zero, which leads to a point mass on the x-axis and is not reflected

in the contour plot.

12A survey of DSGE-model-based New Keynesian Phillips curve is provided in Schorfheide (2008). Our
estimates fall within the range of the estimates obtained in the literature.



This Version: January 22, 2016 27

Figure 4: Regime-Conditional Ergodic Distribution: 4vGrowth, U.S. Data
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Notes: Figure depicts the joint probability density function (kernel density estimate) of annualized net
inflation and interest rates conditional on the targeted-inflation regime and the deflation regime, respectively.
Formally, the two sets of contours correspond to p(Rt, πt|st = j) for j = 0, 1.
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As expected, the two regime-conditional distributions are approximately centered near

the respective steady state values. Average inflation when st = 1 is slightly above π∗ (2.5%

versus 2.4%) and average inflation conditional on st = 0 is below inflation at the deflation

steady state (−4.2% versus −2.8%). Under the targeted-inflation regime, inflation is positive

with probability 99.7%. The probability of reaching the ZLB given st = 1 is virtually zero

given the shock processes estimated based on the pre-Great-Recession sample. This means

that rationalizing the post-2008 U.S. experience with the targeted-inflation regime requires

large shocks that are unlikely in view of the pre-2008 data. Under the deflation regime, on

the other hand, interest rates are zero with 89% probability – even in the absence of extreme

shocks – and inflation rates are negative with 97.6% probability.13

To better understand how the economy evolves in each regime, we compute impulse

response functions (IRFs) to one standard deviation shocks conditional on remaining in the

same regime throughout the response. Prior to the shock the economy is assumed to be at

the mean of the regime-conditional ergodic distribution. The IRFs are plotted in Figure 5.

Each column corresponds to one of the variables of interest (output, consumption, inflation,

and interest rate) and each row corresponds to one of the structural innovations (εz,t, εg,t,

εd,t, and εR,t).

The responses conditional on st = 1 are standard. The shock to technology raises output

and consumption permanently. Because it is a supply shock, prices and quantities move in

opposite directions. The reaction to the positive output growth dominates in the monetary

policy rule and therefore the interest rate rises. The government spending shock acts like

an aggregate demand shock, increasing output and inflation temporarily. In response the

central bank raises interest rates. Because nominal interest rates rise more strongly than

inflation, the real interest rate increases, which reduces consumption.

To understand the response to the discount factor shock innovation εd,t, recall that the

stochastic discount factor Mt+1 is a function of βdt+1/dt. In log-linear terms, an unantic-

ipated rise in d̂t implies that Et[d̂t+1 − d̂t] = (ρd − 1)d̂t is negative, because d̂t follows an

AR(1) process. Thus, a positive d̂t shock makes the households less patient. This induces an

13Because average inflation in the estimation sample and hence π∗ is lower in Japan, it is more likely to
observe deflation when st = 1 but virtually impossible to observe positive inflation when st = 0.
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Figure 5: Impulse Response Functions: 4vGrowth, U.S. Data
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economy is assumed to be at the mean of the regime-conditional distribution when the shocks hit and to
stay in the regime in the remaining periods. Solid lines depict the responses for st = 1 and dashed lines
show the responses for st = 0. For output and consumption the figure shows percentage deviations from the
baseline path. For the interest rate and inflation it shows differences in annualized percentages relative to
the baseline path.

increase in consumption and output, and an associated rise in inflation. The central bank

reacts to these by increasing the interest rate, dampening the effect of the discount factor

shock. The discount factor can be interpreted as an aggregate demand shock in the sense

that it generates positive comovement between output and inflation. Unlike an expansionary

gt shock, however, the dt shock raises consumption.

A shock to monetary policy that increases the interest rate has the usual effects: output

and inflation fall and, because the real interest rate rises, consumption falls as well. Ac-

cording to our estimates, the degree of price stickiness is relatively small and therefore the
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New Keynesian Phillips curve is relatively steep. Thus, the real effect of an unanticipated

monetary policy shock is small (output and consumption drop by about 10 basis points) in

comparison to the inflation response (annualized inflation falls by about 40 basis points).

The IRFs conditonal on the st = 0 regime display some important differences. In this

case, a positive technology shock increases inflation slightly. On the other hand, positive

government spending and discount factor shocks reduce inflation. Thus, the signs of the

inflation responses switch, compared to the st = 1 regime. This result is linked to the findings

of Eggertsson (2011) and Mertens and Ravn (2014), who show that positive demand shocks

may lead to a negative comovement of prices and output in the deflation regime.14 The sign

switching for the inflation response to the discount factor shock is the same phenomenon that

we demonstrated in Section 2 for the simple model, in which inflation responds positively

to a real-rate shock in the st = 1 regime but negatively in the st = 0 regime. We also

observe in Figure 5 that consumption falls instead of rises in response to a discount factor

shock because of the decline in the real interest rate. Finally, monetary policy is much less

effective in the deflation regime.

6 Evidence of a Sunspot Switch

We are now ready to address our main empirical question: did the U.S. and Japan experience

a change in regimes due to a switch in the sunpot variable at or near the beginning of their

ZLB episodes? We do this in multiple steps. First, we examine the evidence that individual

pairs of inflation and interest rate observations provide about the prevailing sunspot regime

in Section 6.1. Next, we use a nonlinear filter in Section 6.2 to track the sunspot regime over

time, which brings in information from other variables and allows for dynamics to matter.

The analysis up to this point is using all four specifications for each country. Finally, we

aggregate the filtering results across the different model specifications in Section 6.3.

14More specifically, Mertens and Ravn (2014) show that the EE curve, which plots inflation versus output
using the relationship in (27) with necessary substitutions, has two segments, one downward sloping and
one upward sloping. If the equilibrium is in the upward-sloping portion, then a positive demand shock may
generate a decrease in inflation while increasing output.
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6.1 Static Analysis: Evidence from Inflation and Interest Rate

Observations

Our goal in this section is to conduct inference on the hidden process st. In Figure 4

we showed the bivariate ergodic distribution of (πt, Rt) for the targeted-inflation and the

deflation regimes. Glancing at Figure 4, it seems clear that an observation of a 3% inflation

and a 6% interest rate is strong evidence in favor of st = 1. Conversely, zero interest rates

combined with an inflation rate of -5% provides evidence for st = 0. However, if the interest

rate is zero and inflation is low, as it has been the case for the U.S. since 2009, it is more

difficult to determine by visual inspection which regime is favored by the data. The heatmap

in Figure 6 shows

P{st = 1|Rt, πt} =
p(Rt, πt|st = 1)P{st = 1}

p(Rt, πt|st = 1)P{st = 1}+ p(Rt, πt|st = 0)P{st = 0}
. (35)

for a section of the (πt, Rt) space, for which the evidence about the sunspot shock based

on the contour plot in Figure 4 is ambiguous.15 Suppose interest rates are around 25 basis

points. Then an inflation rate of more than 1.5% would be interpreted as some evidence

for st = 1 (indicated by the warm colors), whereas an inflation rate below 0.75% would be

evidence in favor of st = 0 (indicated by dark blue).

Because our main interest is to infer the sunspot regime during the respective ZLB

episodes of the U.S. and Japan, we want to zoom in to the bottom part of the heatmap

figure. Thus, we now compute P{st = 1|ZLB, πt}, where we interpret interest rates in the

range from 0% to 0.25% as the ZLB being binding. Results are depicted in Figure 7. Unlike

in the heatmap we now apply a kernel smoother to approximate the probabilities. In this

figure vertical lines correspond to the inflation value of a ZLB observation for the country.

Not surprisingly, all probabilities start at zero for low inflation observations and are

increasing as inflation increases. The probabilities can be compared to three thresholds:

0.5, P{st = 1}, and P{st = 1|ZLB}. The first threshold is natural to construct a point

15To generate the heatmap we define bins for inflation and interest rates and count the number of real-
izations within each bin based on a long simulation from the model. The probability that st = 1 in a bin
simply is the fraction of s = 1 observations in that bin.
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Figure 6: P{st = 1|πt, Rt}: 4vGrowth, U.S. Data

Notes: The legend for the colors is to the right of the heatmap.

estimator of st that is restricted to the set {0, 1}. As soon as the posterior probability of st

exceeds 0.5, the point estimate (under a 0-1 loss function) is ŝt = 1. The second threshold

is the prior probability of being in the targeted-inflation regime, which is 0.83 for the U.S.

and 0.89 for Japan. If the inflation and interest rate pair exceeds the second threshold,

then the data provide additional evidence in favor of the targeted-inflation regime. If the

third threshold is exceeded, then the inflation observation increases the evidence against the

deflation regime conditional on the economy being at the ZLB. The first two thresholds are

shown by horizontal lines in Figure 7. The third threshold conditions on being at the ZLB.

The probabilities P{st = 1|ZLB} are close to zero for all specifications and are not shown.

As we saw in Figure 3, inflation rates in the U.S. were mostly positive and inflation

rates in Japan were mostly negative during the ZLB period. The plots in Figure 7 suggest,

ignoring the fact that evidence from multiple observations should be aggregated, that the

Japanese inflation and interest rate data imply evidence in favor of the deflation regime: at

the observed πt’s the posterior probabilities of st = 1 are very close to zero, substantially
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Figure 7: P{st = 1|ZLB, πt}
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Notes: For the purposes of this figure ZLB is defined as interest rate being between 0% and 0.25%. In each
panel, solid lines show the 4-variable specification and dashed lines show the 3-variable specification. Each
vertical line shows the inflation value for a data point in the ZLB sample for the country. The horizontal
dashed line shows the country-specific threshold P{st = 1}, which is 0.83 for the U.S. and 0.89 for Japan.
The horizontal solid line is at 0.5.

below any of the three thresholds, with the exception of the 4vGap specification for Japan,

which clears the third threshold but not the other two.

For the U.S. the conclusion depends on the model specification and the threshold used.

Using 0.5 as the cutoff for a point estimate of st that is restricted to zero or one, the growth

specifications imply that most of the observations favor the targeted-inflation regime, while

the gap specifications favor the deflation regime. Relative to the prior distribution P{st = 1}

the evidence in almost all of the inflation and interest rate observations leads to a downward
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revision of the probability that the economy is in the targeted-inflation regime. However,

this downward revision is not as strong as in the case of Japan because U.S. inflation rates

remained mostly positive.

While individual inflation and interest rate observation provide some evidence about the

regime, this evidence does not suffice to determine whether the U.S. or Japan did transition

to the deflation regime. First, the economy evolves dynamically and the probability of being

in one regime or another depends not only on the observed variables but also on the state of

the economy, including the history of st. Second, variables other than inflation may contain

key information that may help distinguish the two regimes – this is evident from Figure 6 by

the wide yellow-colored region where the probability of being in the two regimes are about

the same. Third, the four different specifications may and do disagree. In the next two

sections we tackle these issues to obtain a single and clear answer to the question of which

regime the two countries were in their ZLB episodes.

6.2 Dynamic Analysis: Evidence from a Nonlinear Filter

We now use a nonlinear filter to conduct inference about the hidden state st. The filter

addresses two of the above-mentioned shortcomings of the static analysis: it accounts for

the state of the economy in period t − 1 and it also uses information from output and

the consumption-output ratio (4-variable specifications). The DSGE model has a nonlinear

state-space representation of the form

yot = Ψ(xt) + νt

xt = Fst(xt−1, εt) (36)

P{st = 1} =

 (1− p00) if st−1 = 0

p11 if st−1 = 1

Here yot is the vector of observables. We use the o superscript to distinguish the vector

of observables from detrended output in our DSGE model. For the 3-variable specifica-

tions it consists of log of output, inflation, and nominal interest rates. For the 4-variable
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specifications the vector also includes the log consumption-output ratio. Y o
1:t is the se-

quence {yo1, . . . , yot }. The vector xt stacks the continuous state variables, which are given

by xt = [Rt, yt, y
∗
t , yt−1, dt, zt, gt, At]

′, and st ∈ {0, 1} is the Markov-switching process, where

yt−1 is only necessary in the growth specifications, y∗t is only necessary in the gap specifi-

cations, and dt is only relevant for the 4-variable specifications.16 The lower case output

variables in the state vector are detrended by the level of technology At. The first equation

in (36) is the measurement equation, where νt ∼ N(0,Σν) is a vector of measurement errors.

The second equation corresponds to the law of motion of the continuous state variables. The

vector εt ∼ N(0, I) stacks the innovations εd,t, εz,t, εg,t, and εR,t, where once again εd,t is

used only in the 4-variable specifications. The functions F0(·) and F1(·) are generated by

the model solution procedure described in Section 4. The third equation represents the law

of motion of the Markov-switching process.

Given the system in (36) and conditioning on the posterior mean estimates obtained

in Section 5.2, we use a sequential Monte Carlo filter (also known as the particle filter) to

extract estimates of the sunspot shock process st, and the latent state xt.
17 Because the filter

is sequential, the results of this filter can be thought of as a quasi-real-time assessment of the

probability of a sunspot switch.18 Figure 8 depicts the filtered probabilities P{st = 1|Y o
1:t}.

As in Figure 7, we plot the prior P{st = 1} as a dashed horizontal line in each panel.

Using the simple rule by which P{st = 1|Y o
1:t} > P{st = 1} is interpreted as evidence in

favor of st = 1, we find that three out of four specifications for the U.S. indicate that the

economy stayed in the targeted-inflation regime after 2008, although the conclusions for

4vGrowth is somewhat less strong. For Japan, we draw the opposite conclusions. Three

out of four specifications suggest that Japan transitioned to the deflation regime in the late

1990s. The exceptions are the 4vGap specification for the U.S. and 4vGrowth specification

for Japan. It is interesting to note that across the four specifications for the U.S. there is

some uncertainty which vindicates Bullard (2010)’s concern of the possibility of a shift to

16The econometric state variables xt of the state-space representation are slightly different from the
economic state variables St that appear in the solution.

17This filter is described in the Online Appendix. A more detailed exposition is provided in Herbst and
Schorfheide (2015).

18We use the qualifier “quasi” because the data we use is not the real-time data but what is available as
of the date we write the paper.
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Figure 8: Filtered Probability of Targeted-Inflation Regime
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Notes: The figure shows the filtered probabilities P{st = 1|Y o1:t} for each specification and country, starting
five years prior to the start of the ZLB episode for the country. In each panel, solid lines show the 4-
variable specification and dashed lines show the 3-variable specification. The dashed horizontal line shows
the country-specific threshold P{st = 1}, which is 0.83 for the U.S. and 0.89 for Japan. The solid horizontal
line shows 0.5.

the deflationary regime.

The filter also generates estimates of the exogenous shock processes and their innovations.

The subsequent discussion focuses on the 4vGrowth specification for the U.S. and the 4vGap

specification for Japan. We will see in Section 6.3 that the inference about st from these

two specifications is by and large consistent with the conclusions drawn after aggregation

across the four specifications for each country. Time series plots for the filtered innovations

εt are provided in Figure 9. Recall that in our model logCt/Yt ≈ − log gt (in a first-order

approximation of the aggregate resource constraint the relationship holds exactly). Thus,
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the government spending shock by construction tracks the consumption-output ratio. In the

last quarter of 2008, the U.S. experienced a large drop in output, which turned out to be

permanent. In our model, this is captured by a negative technology growth shock of roughly

3.5 standard deviations. In addition, the aggregate demand shock gt dropped by about 2

standard deviations and the discount factor innovation is also negative in 2008:Q4. All three

adverse shocks generate a drop in interest rates (see Figure 5) and push the economy toward

the ZLB. While the two adverse demand shocks are deflationary, the adverse technology

shock is inflationary. This is consistent with the modest decline in inflation.19

After 2008:Q4, the technology growth shocks stay slightly negative on average, depress-

ing output growth and preventing a quick and full recovery. The discount factor shock

innovations also remain on average negative, delaying the mean reversion of the dt process

and keeping the economy near the ZLB. Moreover, the filtered sequence of monetary policy

shocks is mostly negative. In the absence of these shocks interest rates would have been

between 0.75% and 1%. Thus, from the perspective of the DSGE model, U.S. monetary

policy is more expansionary in the aftermath of the Great Recession than what is implied

by the systematic part of the interest rate feedback rule.

Given the long-lasting drop in output, one might expect the Phillips curve relationship

in the DSGE model to imply a significant deflation, which did not occur in the U.S.. In

this regard, our simple DSGE models works similarly as the richer DSGE model studied in

Del Negro et al. (2015). One important reason for why the New Keynesian Phillips curve

embedded in the DSGE model does not predict deflation is that the Phillips curve is forward

looking. Inflation depends on the sum of discounted expected future marginal costs. Because

the model has a fairly strong mean reversion, it predicts marginal costs to rise in the medium

run, which allows the model to explain what the literature has termed the “missing deflation”

in the U.S. Moreover, the expansionary monetary policy contributed to the positive inflation

rates.

The 4vGap specification for Japan implies that the economy transitioned to the deflation

19Due to the simplicity of the DSGE model, the shock decomposition is not refined enough to generate a
more detailed narrative of the recent U.S. experience that emphasizes the disruption in financial intermedi-
ation. Shocks to the financial system and nonlinearities generated by its disruption, are interpreted as large
technology or discount factor shocks by our model.
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Figure 9: Filtered Shock Innovations εt
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Note: Innovations are shown in multiples of their standard deviations. The solid vertical line shows the end
of the estimation sample and the dashed vertical line shows the beginning of the ZLB episode.

regime in the late 1990s. In the deflation regime the negative inflation rates generate a non-

negligible resource cost and the approximation logCt/Yt ≈ − log gt is no longer accurate.

The discount factor shock also affects the consumption-output ratio. As is apparent from the

impulse responses in Figure 5 none of the shocks has a significant impact on the interest rates,

which are with high probability zero. The filter essentially inverts these relationships. Most

notably, the slow growth of the Japanese economy since the late 1990s maps into technology

growth innovations that are on average negative. An inspection of the regime-conditional

ergodic distributions drawn in Figure 4 indicates that inflation rates in the deflation regime
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are with high probability less than -4%.20 Actual Japanese inflation, while being negative,

has always been above -4%, which is translated by the filter in a sequence of discount factor

innovations that are fairly volatile and on average below zero.

6.3 Aggregating the Results

We now formally aggregate the results from the four different specifications for each country

by computing weights for each specification that are related to the goodness of fit. The

obvious difficulty here is that the four specifications do not share a common dataset. In order

to compare 3-variable and 4-variable specifications, we follow the approach in Del Negro

et al. (2016) and construct one-step-ahead predictive densities for the subset of common

observations. Let zot be the 3× 1 vector of output, inflation, and interest rates. These three

variables are the core variables that most New-Keynesian models aim to capture. Moreover,

let p(zot |Y o
1:t−1,Mj) be the predictive density for zot given specification Mj and the t − 1

information set Y o
1:t−1.

21 Based on the predictive densities, we can define the quasi model

probabilities

p̃t(Mj) =

∏T
t=T0

p(zot |Y o
1:t−1,Mj)∑4

j=1

∏T
t=T0

p(zot |Y o
1:t−1,Mj)

(37)

and use them to create weighted averages of P{st = 1|Y o
1:t,Mj}.

The results are presented in Figure 10. For each specification, we plot the log of the

numerator of (37) in the top two panels. We take T0 to be the beginnings of the respective

ZLB periods. Each line can be interpreted as running predictive score of a model specifica-

tion. For the U.S. the difference in fit between the four specifications is relatively small. The

performance differential between the best and the worst specification does not significantly

widen over time, though the relative rankings change. Until the end of 2013 the 3vGrowth

specification dominates, whereas after 2014, the 4vGrowth specification attains the highest

predictive score. The 3vGap specification is the least preferred. For Japan the 3vGrowth

specification also is best, though by a much larger margin. Unlike for the U.S., in the case of

20The contours for 4vGap-Japan look similar to the contours for 4vGrowth-U.S., which are shown in the
figure.

21The conditioning information set here differs across the 3-variable and 4-variable specifications. To
avoid an overly tedious notation, we did not introduce a j index for the information set.
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Figure 10: Combined Filtered Probabilities
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Japan the gap between the 3vGrowth specification and the three other specifications widens

toward the end of the sample.

From an ex ante perspective, the relative ranking of the 3- and 4-variable specifications

based on the predictive likelihood for is unclear. The 3-variable models are optimized to track

the variables included in the zot vector. The 4-variable models, on the one hand, have an

additional degree of freedom, namely, the latent discount factor shock dt, which can improve
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the tracking of the trivariate vector zot . On the other hand, the 4-variable specifications

also have to track the consumption-output ratio. Doing so may lead to a deterioration of

the one-step-ahead forecast performance for zot . Ex post, it turns out that one of the 3-

variable specifications, namely 3vGrowth, dominates the 4-variable specifications. However,

for both the U.S. and Japan, the 4-variable specifications are competitive with the 3vGap

specification. Even though we are considering a period in which interest rates are zero,

there seems to be information about the policy-rule specification (gap versus growth). This

information arises from the fact that even if interest rates are currently zero, beliefs about

the future conduct of monetary policy affect current output and inflation.

The bottom panels of Figure 10 show the quasi model probabilities computed for two

choices of T0: the beginning of the ZLB episodes (red) and the beginning of the estimation

sample (black). The first choice is consistent with the predictive scores depicted in the top

panels of the figure. The second choice of T0 also factors in the fit of the model specifications

prior to the ZLB episodes and thereby places more weight on the 3-variable specifications.

Using horizontal lines, we depict two of the thresholds discussed in Section 6.1: 0.5 and

P{st = 1}. After aggregating the information from the four specifications, we conclude

that the U.S. has remained in the targeted-inflation regime in the aftermath of the Great

Recession and that Japan’s ZLB experience is best described by a switch to the deflation

regime.

For the U.S. there is significant uncertainty about the regime at the beginning of 2009.

However, subsequently, there is only a single quarter, 2011:Q4, in which the probability of

being in the targeted-inflation regime falls below 0.5. This quarter exhibits an unusually

low inflation rate. In 2014, using the weights based on T0=2009:Q1 the probability of the

targeted-inflation regime falls toward 0.5, because the 4vGrowth specification starts to dom-

inate the weighted average. Recall from the bottom right panel of Figure 8 that the filtered

probability of st = 1 drops from 1 to about 0.5 between 2012 and the end of the sample. For

Japan there is only one quarter in which the probability of being in the targeted-inflation

regime clears all thresholds. This happens in 2002:Q1, when inflation is positive and seems

like an outlier relative to the period before and after. Except in 2000 and in 2002:Q1 the
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black and the red lines are on top of each other, implying that the inference is not sensitive

to the choice of T0.

7 Conclusion

The recent experiences of the U.S. and Japan have raised concern among policy makers

about a long-lasting switch to a regime in which interest rates are zero, inflation is low,

and conventional macroeconomic policies are less effective. We solve a small-scale New

Keynesian DSGE model imposing the ZLB constraint and introducing a non-fundamental

Markov sunspot shock that can move an economy between a targeted-inflation regime and a

deflation regime. An economy may be pushed to the ZLB either by successive fundamental

shocks (e.g., an adverse discount factor shock) in the targeted-inflation regime or by a switch

to the deflation regime. We develop a quantitative framework that can distinguish these two

possibilities.

Our empirical analysis focuses on the U.S. and Japan and utilizes four different DSGE

model specifications for each country that differ in terms of the observables used and the

monetary policy rule. Using a nonlinear filter, we find that for each country three of the

four specifications agree: the U.S. remained in the targeted-inflation regime during its ZLB

episode, with the possible exception of the early part of 2009 where evidence is more mixed.

Japan switched to the deflation regime in 1999 and remained there until the end of our

sample. We aggregate our results using quasi model probabilities and the final results confirm

the above conclusions.

Our model is silent as to why the two experiences are different because the sunspot

process in our model is purely exogenous. In a richer, but computationally much more

challenging specification, the coordination of beliefs may be correlated with fundamentals

and be affected by central bank actions. Perhaps one key difference between Japan in 1999

and the U.S. in 2009 is in their conduct of monetary policy. Ito and Mishkin (2006), who

provide a summary of the actions taken by the Bank of Japan and the Japanese government

conclude that “(...) mistakes in the management of expectations [by the Bank of Japan]
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are a key reason why Japan found itself in a deflation that it is finding very difficult to

get out of”. The actions of U.S. policymakers contrast greatly with those of the Bank of

Japan. The Federal Reserve and in general policy makers in the U.S. enacted unconventional

policies such as quantitative easing and forward guidance and evidently did a good job in

coordinating inflation expectations near its target. We leave a formal quantitative analysis

for future research.
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